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Abstract
We study the computation of approximate polynomial GCD over integers, which is based on the
lattice methods on several matrices such as the Bezout and the Hankel matrices. Additionally, we
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GCD
GCD
$\mathbb{K}$ $0$ $\mathbb{Z}[x]$ $x$ $\mathbb{Z}[u][x]$
$u=(u_{1}, \ldots, u_{\ell})$ $\mathbb{Z}[u]$ $f(x),$ $g(x)\in \mathbb{K}[x]$
$\deg(f)$ $x$ $||f||_{p}$ p- ( $p=2$ $p=\infty$
). $gcd(f,g)$ appgcd$(f, g)$ $f$ $g$ GCD(gratest common divisor:
) GCD ( GCD \S 11 ).
$B=(b_{1}, b_{2}, \cdots, b_{n})\in \mathbb{K}^{mxn}$ 2 sp2an $(B)$ $\mathcal{L}(B)$
$B$ $\mathbb{K}$ $\mathbb{Z}$ :
span(B) $=$ $\{b|b=\sum_{i=1}^{n}a_{i}b_{i}$ with $a_{i}\in \mathbb{K}\}$ ,





$\{\begin{array}{l}F = C\tilde{F}+\Delta_{F}with \epsilon=d(\Delta_{F}, \Delta_{G})< I F||, ||G||.G = C\tilde{G}+\Delta_{G}\end{array}$ (1)
$d(\Delta_{F}, \Delta_{G})$ $(\Delta_{F}+\Delta_{G}$ $\max\{\frac{||\Delta_{F}||}{||F||}, \frac{||\Delta_{G}||}{||G||}\}$ ;
$\triangle_{F},$ $\Delta_{G}$ $F,$ $G$ ). $C$ $F$ $G$
$d(\Delta_{F}, \Delta_{G})$ $C$ $d(\Delta_{F}, \Delta_{G})$ $GCD$
1
$||F||,$ $||G||\approx 10d(\Delta_{F}, \Delta_{G})$ Gathen-Shaparlinski[GS08] $||F||,$ $||G||$






$d( \Delta_{F}, \triangle_{G})=\max\{||\triangle_{F}||, ||\Delta_{G}||\}$ GCD
2
1.2 SVP CVP
SVP (Smallest Vector Problem: ) CVP (Closest Vector Problem:
) $B=(b_{1}, b_{2}, \cdots, b_{n})\in \mathbb{K}^{m\cross n}$
2 (SVP)
$B$ SVP $B$ $\mathcal{L}(B)$
$x\in \mathcal{L}(B)$
3 (CVP)
$B$ $t\in \mathbb{K}^{m}$ SVP $B$ $\mathcal{L}(B)$ $t$






$b_{n}$ $LLL$ ( $LLL$ )
$||b_{1}|| \leq\frac{3}{4}||b_{2}||\leq\cdots\leq\frac{3}{4}||b_{n}||$ . (2)
LLL Gram-Schimidt
1(LLL ( Gram-Schmidt ))
$B=(b_{1}, \cdot\cdot, b_{n})$ $G$ $B$ Gram-schmidt
Gram-schmidt
$G=(\mu_{i,j})$ $|\mu_{i,j}|\leq-$ $(i>j)$ .
21 GCD
$f,g\in \mathbb{Z}[x]$ GCD $c(x)=c_{k}x^{k}+c_{k-1}x^{k-1}+\cdots+c_{0}$
2.1 Sylvester
Sylvester GCD [ 07, GS08]
[ 07, Nagasaka08].







$.\cdot..]\in \mathbb{K}^{(n+m-2k)\cross(n+m-2k)}$ . (3)
3
$k=\deg(gcd(f, g))$ $S_{k}$ $f$ $-g$ $S_{k}$ SVP
$f$ $-g$
$c_{B}$ ( )
$(E_{n+m-2k}|c_{B}\cross S_{k}(f,g))$ . (4)
$E_{k}$ $k$
5([ 07])
$f$ $g$ $f(x)$ $g(x)$ $C_{k}(f)\in \mathbb{Z}^{(n+k)\cross k}$ $f$ $k$
$H(f, g, t, s)$
$H(f,g, f,\tilde{g})=(E_{k+2}$ $c_{H}\cross C_{k+1}(-\tilde{f})^{T}c_{H}\cross f$ $c_{H}\cross C_{k+1}(\tilde{g})^{T}c_{H}\cross g$ $)\in \mathbb{Z}^{(k+2)x(n+m+k+4)}$ . (5)






2. $c_{B}$ ( ).
3. $f$ $\tilde{g}$ $S_{k}(f,g)$ ( 4 )
4. $H(f,$ $g,$ $f_{\tilde{g})}$ $LLL$
5. $k$ $c_{B}$
2.2 Bezout
$f$ $g$ Beout Bpol $(f, g)$
Bpol $(f, g)= \frac{f(x)g(y)-f(y)g(x)}{x-y}=\sum_{0\leq i,j\leq n-1}b_{i,j^{X^{i}\dot{\oint}}}\in \mathbb{K}[x, y]$ . (6)
Bezout $B(f, g)$ Bezout




$k=\deg(gcd(f,g))$ $n-k$ $b_{k},$ $\cdots,$ $b_{n-1}$ $k$
$b_{0},$ $\cdots$ , bk-l $n-k$ $b_{k},$ $\cdots,$ $b_{n-1}$ ;
$b_{i}$ $=$ $c_{0}^{(i)}b_{k}+ \sum_{j=1}^{n-k-1}c_{j}^{(i)}b_{k+j}$ (8)
$=$ $(b_{k}, \cdots, b_{n-k})c_{i}$ . (9)
$0\leq i\leq k-1$ $c_{0}^{(i)}=c_{i}/c_{k}$ I
GCD
7( GCD Bezout [ 09])
(2) $F$ $G$
$||B(F, G)-B(F-\triangle_{F}, G-\triangle c)||/||B(F, G)||=O(\epsilon)$ . (10)
1
$||B(f,g)||\approx 1$
$||B(f, g)||\approx 1$ Bezout GCD (10)
$f(x)=100(x^{3}+x+1)(x^{3}-x+1)+x$ , $g(x)=100(x^{3}+x+1)(x^{3}-x^{2}+1)-x^{2}$ ,
Bezout
$B(f, g)=(-10000-990010_{100}100000000$ $-10000-19900-1000010000-100100$ $-10100-19900-9900100002010010000$ $-10000-10100-9900300100100$ $-9900-9900-9900-100-101-100$ $-I0000-1000010000-10099000]$
$f(x)-x$ $g(x)+x^{2}$ Bezout
$B(f-x, g+x^{2})=(-10000-1000010_{200}100000000$ $-10000-19800-100001000000$ $-10000-10000-19800200001000010000$ $-10000-10000-100004002000$ $-10000-1000_{0}^{0}-10000-2000$ $-I0000-100001000010000-2000]$
Bezout GCD GCD











$f$ $=$ $(x^{3}+x+1)(x^{3}-x+1)$ ,
$g$ $=$ $(x^{3}+x+1)(x^{3}-x^{2}+1)$ .
$GCD$ Bezout $CVP$ $CVP$ 2
(1 $LLL$ 1 $LLL$ Babai (
) ).
. $LLL$
$c_{0}=(1, -1,1)^{T},$ $c_{1}=(1,1,0)^{T},$ $c_{2}=(0, -1,1)^{T}$ .. Babai
$c_{0}=(0,0,1)^{T},$ $c_{1}=(0,0,1)^{T},$ $c_{2}=(0, -1,2)^{T}$ .
( $LU$ (SanukiO$9J$).. $LU$









$h_{2n-2}h_{n.-1}h_{n}:)=(h_{0}, h_{1}, \cdots, h_{n-1})\in \mathbb{Q}^{n\cross n}$ (13)
Hankel Bezout
6
9 (Barnett : 2[DG02])
$k=\deg(gcd(f, g))$ $n-k$ $h_{0},$ $\cdots,$ $h_{n-k-1}$ $k$
$h_{n-k},$
$’\cdot\cdot,$ $h_{n-1}$ $n-k$ $h_{0},$ $\cdots$ , $h_{n-k-1}$ ;
$h_{n-k+i}= \sum_{j=0}^{n-k-2}d_{j}^{(i)}h_{j}+d_{n-k-1}^{(i)}h_{n-k}$
$(\begin{array}{l}1c_{k-1}\prime c_{0}\end{array})=(\begin{array}{llll}f_{m} f_{m-1} f_{m} | | . f_{m-k-1} f_{m-k} \cdots f_{m}\end{array})(\begin{array}{l}d_{n-k-1}^{(k-1)}1|d_{n-k-1}^{(0)}\end{array})$
I
10 ( GCD Hankel )
(2) $F$ $G$
$||H(F, G)-H(F-\Delta_{F}, G-\triangle_{G})||/||H(F, G)||=O(\epsilon)$ . (14)
Bezout GCD $f=f(1/x)\cdot x^{n}$




$c_{0}=(-1,2,1)^{T},$ $c_{1}=(1,1, -1)^{T},$ $c_{2}=(1,0, -1)^{T}$ .
Babai ( ) $LLL$
$GCD$
2.4 Bezout Hankel
Bezout Hankel [ 07]
LLL Bezout Hankel
GCD $c_{i}$







$[ \tilde{H}.\tilde{H}\frac{\tilde{B}}{f_{m}\cdot f_{m-k+1}-1}\frac{\tilde{H}}{\tilde{B}.\tilde{B}}\Vert_{\frac{c_{k-1}}{0}}^{d_{0}}c_{1}d_{1}\frac{d_{k.\cdot\cdot-1}}{c_{0}}]=[h_{n-k+1}h_{n,.\cdot.\cdot\cdot\cdot-k}\frac{b_{k-1}}{0}\frac{h_{n-1}}{b_{1}b_{0}}]$ . (16)
$[ \frac\frac{w_{H}\cross(.\tilde{H}\tilde{H}..\tilde{H})}{w_{B}\cross(.\tilde{B}\tilde{B}..)f_{m}\cdot f_{m-k+1}-1\tilde{B}}\Vert_{\frac{c_{k-1}}{0}}^{d\eta}c_{1}d_{1}\frac{d_{k..\cdot-1}}{c_{0}}]=[\frac\frac{w_{H}\cross(h_{n-k+)}h_{n-1}h_{n...-k_{1}}}{c_{B}\cross(b_{k-1}),0b_{0}b_{1}}]$ . (17)
$c_{H},$ $c_{B}$ Sylvester 1
3 GCD
3. lBezout
$F(x, u)$ $G(x, u)$ ( $x$ )Bezout
1
Bpol $(F(x, u), G(x, u))= \frac{F(x,u)G(y,u)-F(y,u)G(x,u)}{x-y}=\sum_{0\leq i,j\leq n-1}b_{i,j}(u)x^{i}y^{j}\in \mathbb{K}[x, y,u]$ . (18)
Bezout
$B(F, G)$ $=$ $(b_{i,j}(u))_{i,j}=(b_{0}(u),$ $b_{1}(u),$ $\ldots,$ $b_{n-1}(u))\in \mathbb{K}[u]^{n\cross n}$ , (19)
$=$ $B^{(0)}+\delta B^{(1)}+\cdots+\delta B^{(w)}+\cdots$ . (20)
8
$\delta B^{(w)}=(\delta b_{0}^{(w)}, \ldots, \delta b_{n-1}^{(w)})\in \mathbb{K}[u]^{n\cross n}$ Bezout $u$
$w$ ; $b_{i}(u)=b_{i}^{(0)}+\delta b_{i}^{(1)}(u)+\cdots+\delta b_{i}^{(w)}(u)+\cdots$ .
1 [Sanuki09].
$(b_{k} ...b_{n-1})c_{i}(u)$ $=$ $b_{i}(u)$
$\tilde{B}c_{i}(u)$ $=$ $b_{i}(u)$ .
$c_{i}(u)=( \frac{c_{i}(u)}{c_{k}(u)},$ $\cdots)\in \mathbb{K}(u)^{n-k}$ $s\in \mathbb{K}^{\ell}$ $c_{k}(s)\neq 0$
$I$ $I=\langle u-s\rangle$ $(0\leq i\leq k-1)$ .
$\tilde{B}$
$ci$ $(u)$ $\equiv$ $b_{i}(u)$ $(mod I^{w+1})$ , (21)
$\tilde{B}^{(0)}\delta c_{i}^{(w)}+\sum_{i=1}^{w}\delta\tilde{B}^{(i)}\delta c_{i}^{(w-i)}$ $=$ $\delta b_{i}^{(w)}(u)$ . (22)
$j=0,$ $\ldots,$ $w-1$ $\delta c_{i}^{(j)}$ $\delta c_{i}^{(w)}$
$\tilde{B}^{(0)}\delta c_{i}^{(w)}=\delta b_{i}^{(w)}(u)+\sum_{i=1}^{w}\delta\tilde{B}^{(i)}\delta c_{i}^{(w-i)}$. (23)
3.2 Bezout





$\delta c^{(w)}$ (23) LLL
CVP
4
Sylvester Bezout Hankel GCD
. Sylvester SVP Bezout Hankel
CVP LLL SVP
Sylvester





. Sylveter SVP Bezout Henkel CVP
CVP SVP ( (
CVP SVP ) ) [Cohen93].
LLL GCD SVP
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